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◼ A new discipline of inverse RL in control theory
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Inverse RL Diagram

Objective function: Cost function
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◼ Controlled System (Learner)

Control policy

updater
Cost function 

corrector

Expert 

demonstrations
Controlled 

system？
Data-driven model-free inverse RL based controller

◼ Control Problem

( 1) ( ) ( )

( ) ( )

x k Ax k Bu k

y k Cx k

+ = +


=

DT linear system with unknown model/dynamics:

Model-Free Inverse RL for DT State-Feedback Control Systems 
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The expert demonstrations are exhibited by an Expert system with the same dynamics

where the control input      optimally corresponds to the underlying expert cost functionTu

and satisfies the DT algebraic Riccati equation

( ( ), ( )) ( ( ) ( ) ( ) ( ))T T

T T T T T T T T T

j k

V x k u k x j Q x j u j R u j


=

= +

1( ) 0.T T T T

T T T T T T TQ P A P A A P B R B P B B P A−− + − + =

Only measurement data of expert’s 𝑥𝑇, 𝑢𝑇 , 𝑦𝑇 are available

( 1) ( ) ( )

( ) ( )

T T T

T T

x k Ax k Bu k

y k Cx k

+ = +


=

which is given by

1( )T T

T T T T T T Tu K x R B P B B P Ax−= − = − +
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𝑄𝑇 + (𝐴 − 𝐵𝐾𝑇)
𝑇 𝑃𝑇 𝐴 − 𝐵𝐾𝑇 + 𝐾𝑇

𝑇𝑃𝑇𝐾𝑇 − 𝑃𝑇 = 0.

or Lyapunov equation



*

0

min ( ) ( ) ( ) ( )

s.t.     ( 1) ( ) ( )

( ) ( )

T T
u t

J x k x k u k u k

x k Ax k Bu k

y k Cx k



=

= − + −

+ = +

=



     

Using expert’s data, find a group of                     and        for learner to minimize the following index 

without knowing system dynamics  

◼ Control Problem

*

, 0

1

1 1

min ( ) ( ) ( ) ( )

s.t.     ( 1) ( ) ( ) ( ) ( )

         ( ) 0

         ( ) ( ) ( ) ( )

T T
Q R t

T T T T

T T T

J x k x k u k u k

x k Ax k Bu k y k Cx k

Q P A PA A PB R B PB B PA

u k Kx k R B RB B PAx k R B Px



=

−

− −

= − + −

+ = + =

− + − + =

= − = − + −



，

0 0Q R ， ,P K

,A B

2

1

then, the control gain      in (2) equals expert’s      and minimizes J. 

Theorem: If there exists a group of      and      satisfying both (1) and the Lyapunov equation

◼ Controller Design

Goal solution condition

3

Q

K TK

Optimality 

condition

R
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2: Control policy evaluation and update: update         by 

1. Initialization: select          , an initial 𝑄0 = 0 , and a threshold           , set          , 

◼ Controller Design

Model-based iteration framework

0R 

1 1( ) ( ) 0.i i T i T

T T T TQ P A BK P A BK K RK+ +− + − − + =

1iP +

and control input         by 1iu +

1 1 1 1 1( )i i T i T iu K x R B P B B P Ax+ + + − += − = − +

3. Cost function weight correction: update         by 
1iQ +

1 1 1 1 1 1 1(1 ) ( ( ) ) 0i i i T i T i T i T iQ Q P A P A A P B R B P B B P A + + + + + − +− − + − + − + =

4. Set              , repeat 1-3 until                       .  1i i= +
1i iQ Q + − 

0  0i =

Modified RL policy iteration

Inverse optimal control

(0,  1] 
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2. Kernel matrix evaluation and control policy update: solve         by

1. Initialization：Set          , given                      , and a threshold          , 

Data-driven model-free inverse reinforcement Q-learning algorithm

0i =

1iH +

and update        by 1iu + 1 1 1 1 1( )i i i i

uu uxu K x H H x+ + + − += − = −

3. Cost function weight correction: compute                                  and solve         by 
1iQ +

4. Set              , repeat 1-3 until                        .  1i i= + 1i iQ Q + − 

0, 0iR Q 

1 1
( ) ( ) ( 1) ( 1)

( ) ( ) ( ) ( ).
( ) ( ) ( 1) ( 1)

T T

T T T Ti i T i T

T T T T

T T T T

x k x k x k x k
H H x k Q x k u k Ru k

u k u k u k u k

+ +
+ +       

− = +       
+ +       

0 

1 1 0
.

0

i

i i

p

Q
H H

R

+ +
 

= −  
 

1 1 1
( 1) ( 1) ( ) ( )

( ) ( ) (1 ) ( ) ( ) ( ) ( )
( 1) ( 1) ( ) ( )

T T

T i T i T i i

p p

x k x k x k x k
x k Q x k x k Q x k u k Ru k H H

u k u k u k u k
   + + +

− −       
= − − + −       

− −       

◼ Control Algorithm

(0,  1] 
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✓ The data-driven algorithm uses only data, not system model/dynamics

✓ Each updated control policy stabilizes the controlled system

✓ The learned cost function may not be unique, but all of them are the desired solution even if the true cost 

function of the expert is non-identifiable

◼ Algorithm Properties

✓ Single-loop learning procedure reduces computation and improves learning efficiency

✓ Degenerate solution (Q=0, R=0) is avoided

✓ Iteration is convergent 

20

Model-Free Inverse RL for DT State-Feedback Control Systems 



◼ Simulation Experiment

The dynamics of the Expert and Learner systems are (F-16 aircraft system dynamics)

Simulation goal: Using expert’s demonstrations, find controlled system a group of Q, R, K using the

data-driven model-free IRL algorithm to realize trajectory imitation.

0.906488 0.0816012 0.0005 0.00150808 0 0 1

0.0741349 0.90121 0.000708383 , 0.0096 , 0 0.6 0 .

0 0 0.132655 0.867345 1.26 0.9788 0.4852

A B C

− −     
     

= − = − =
     
     − −     

 ( ) ( ) 0.1688 0.2009 0.1285 ( )T T T Tu k K x k x k= − = − − −Expert’s input:

Initial parameters for learning:

Expert’s weights:
1

15 0 0

0 18 0 , 2

0 0 14

T TQ R I

 
 

= =
 
  

0

1

0.1 0 0

0 0.5 0 ,  , =1

0 0 1

Q R I 

 
 

= =
 
  

𝜀 = 6×10−4Threshold:
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The learned control gain  

Convergence of                 to , ,i i iH Q K , ,T T TH Q K

Iteration Steps
Time Time

Imitation performance of output and input 

◼ Simulation Experiment

 0.1671 0.1987 0.1168K = − −
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Parameter setting：

1

0.1 0 0

0 0.5 0 ,  , 0.9

0 0 1

Q R I 

 
 

= = =
 
  

Comparison method 1:

Time Time

B. Kiumarsi, F. L. Lewis, H. Modares, A. Karimpour, and M. B. Naghibi-Sistani,

“Reinforcement Q-learning for optimal tracking control of linear discrete-time

systems with unknown dynamics,” Automatica, vol. 50, no. 4, pp. 1167–1175, 2014.

◼ Simulation Experiment (for control performance improvement by correcting cost function)

Output

RMSE

Input 

RMSE

Inverse RL 5.0476╳10-5 1.1473╳10-4

Com 1 0.4053 1.2422

*

*

2

1

1 1
RMSE= | ( ) ( ) |

1

n k a

i Ti
i k k

y k y k
n a

+

= =

−
+

 

* 1 280k a= =，Imitation performance of output and input 23
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Comparison method 2:

Apply the bilevel two-loop learning structure [1, 2] to the proposed formulas.

◼ Simulation Experiment (for learning efficiency improvement by the single-loop learning structure)

Outer

iterations j

Inner

iterations i
Total time

Inverse RL \ \ 81 10.360s

Com 2 112 2315 2427 190.576s

[1] P. Abbeel and A. Y. Ng, “Apprenticeship Learning via Inverse Reinforcement

Learning,” the 21st International Conference on Machine Learning, Banff, Canada,

2004.

Under threshold for each inner-loop converged0.05j

dK K− 

[2] K. Mombaur, A. Truong, J P Laumond. From Human to Humanoid Locomotion—

An Inverse Optimal Control Approach. Auton Robots, 2010, 28:369–383.
24
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Model-Free Inverse RL for DT Output-Feedback Control Systems 

B. Lian, W. Xue, F. L. Lewis, and A. Davoudi, “Inverse Q-Learning Using Input-

Output Data”, IEEE Transactions on Cybernetics, 2023. 



◼ Algorithm Design

26
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Only measurement data of expert’s 𝑢𝑘 , 𝑦𝑘 are available

Goal: Using expert’s demonstrations, find

a group of Q, 𝑅𝑒 such that
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Model-free version to update 𝑃𝑖 (ഥ𝐻𝑖):

System State 

Reconstruction

Replace



Model-free version to update 𝐾𝑖+1 and 𝐿𝑖+1 :
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Model-free version to update 𝑄𝑖+1:

Multiply 𝑥𝑘
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◼ Results for Continuous-Time Linear Systems

Data-Driven Model-Free Inverse RL for Linear Systems

For CT linear system with unknown dynamics:

30

ሶ𝑥(𝑥) = 𝐴𝑥(𝑡) + 𝐵𝑢(𝑡)

B. Lian, W. Xue, F. L. Lewis, and T. Chai, “Inverse Value Iteration and Q-Learning: Algorithms and Stability”, IEEE Transactions on Neural Networks and Learning

Systems, 2022, conditionally accepted.



◼ Results for Continuous-Time Linear Systems

Data-Driven Model-Free Inverse RL for Linear Systems

For CT linear system with disturbances:

31

ሶ𝑥 𝑥 = 𝐴𝑥 𝑡 + 𝐵𝑢 𝑡 + 𝐷𝑑(𝑡)

W. Xue, B. Lian, J. Fan, T. Chai, and F. L. Lewis, “Data-Driven Inverse Reinforcement Learning for Expert-Learner Zero-Sum Games”, IEEE Transactions 

on Automation Science and Engineering (conditionally accepted). 



Multiplayer Inverse RL

Lian, B., Xue, W., Lewis, F. L., & Chai, T. (2022). Inverse reinforcement learning for multi-player noncooperative apprentice games. Automatica, 145, 

110524.

Lian, B., Donge, V. S., Lewis, F. L., Chai, T., & Davoudi, A. (2022). Data-driven inverse reinforcement learning control for linear multiplayer games. IEEE 

Transactions on Neural Networks and Learning Systems.

Multiagent Inverse RL

Donge, V. S., Lian, B., Lewis, F. L., & Davoudi, A. (2022). Multi-agent graphical games with inverse reinforcement learning. IEEE Transactions on Control 

of Network Systems.

Donge, V. S., Lian, B., Lewis, F. L., & Davoudi, A. (2024). Efficient Reward-Shaping for Multiagent Systems. IEEE Transactions on Control of Network 

Systems.

Online Adaptive Inverse RL

Lian, B., Xue, W., Lewis, F. L., & Chai, T. (2021). Online inverse reinforcement learning for nonlinear systems with adversarial attacks. International 

Journal of Robust and Nonlinear Control, 31(14), 6646-6667.

Lian, B., Xue, W., Lewis, F. L., & Chai, T. (2021). Robust inverse Q-learning for continuous-time linear systems in adversarial environments. IEEE 

Transactions on Cybernetics, 52(12), 13083-13095.

Two-player Inverse RL

Lian, B., Xue, W., Xie, Y., Lewis, F. L., & Davoudi, A. (2023). Off-policy inverse Q-learning for discrete-time antagonistic unknown systems. Automatica, 

155, 111171.

Xue, W., Lian, B., Fan, J., Chai, T., & Lewis, F. L. (2023). Inverse reinforcement learning for trajectory imitation using stati c output feedback control. IEEE 

Transactions on Cybernetics.
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