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* Basic Manipulator Geometries

e Robot Kinematics



Basic Manipulator Geometries

A robot arm composed of a set of joints separated in space by the arm links.
—

Joints Links

 where the motion in the arm occurs * fixed construction

--our own forearm

---maintain a fixed relationship between the joints.

--wrist and elbow
C—"  —

---actuated by motors or hydraulic actuators

1. A revolute joint (denoted by R) is one that allows rotary motion about an axis of rotation

)

--human elbow
2. A prismatic joint (denoted by P) is one that allows extension or telescopic motion.

--telescoping automobile antenna.









* Many industrial robots are serial link manipulators since they consist of a series of
D

links connected together by actuated joints.

* The base 1s called link 0, and the last link 1s terminated by the ool or@

* Many robots have six joints, corresponding to the six degrees of freedom needed to
K\J o

obtain arbitrary position and orientation of the end effector i% three-dimensional
o4
ﬁ

space. Do f



Robot Kinematics

/

* Homogeneous transformations \/

e Arm A matrices

e T matrix
 Forward and inverse kinematics
 Joint-space

o (Cartesian coordinates



Arm A matrices

* For given values of the joint variables, it 1s important to be able to specify the locations of the links
with respect to each other. This 1s accomplished by using the manipulator kinematic equations.

* We associate with each link i a coordinate frame (x; , y; , z; ) fixed to that link.

“I=-2
4
s, _,
e
Link/ -1

i ‘¥/——'

; Denavit-Hartenberg (D-H) representation

* The frame attached to link O (i.e.,
the base of the manipulator) is

called the base @e or inertial

frame.




The relation between coordinate frame i-1 and coordinate frame i 1s given by the transformation

matrix

e —

sin «; sin 6;

— sin a; cos 6;

———
F cosf; —cosa;sinb;
\ sin®;, cosa;cosé;
0 sin o;
e
YO 0




By the D-H convention, for a revolute joint, the rotation i occurs about axis z;_, . For a prismatic joint, d;

occurs along axis z;_4. Thus the link coordinate frame is considered to be attached to the outer end of the
link. ' — e ' ~
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The 4 matrix A; 1s a function of only a single variable, namely the joint variable 6; or d; and all the
SHSE Y

other parameters in A; are fixed for a specific joint.

—_—

If a manipulator has » links, the joint-variable vector ¢ 1s an n-vector composed of the individual
. . . v
joint variables.

g is in general a combination of angles i and lengths d;. For instance, for an RRP arm.
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Homogeneous Transformations

The A matrix 1s a homogeneous transformation matrix of the form

A,:{Ri P"], 0),

0 1

where R; 1s a rotation matrix and p; 1s a translation vector. Thus, 1f 7; 1s a

——

point described with respect to the coordinate frame of link i, the same

point has coordinates 7;_; with respect to the frame of link i-1 given by

h,—‘ = A‘\«K‘,, t’?
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How to find R; ?

* Interpret frame i-1 as the fixed (i.e., “original”) frame and frame i as the rotated and translated
(1.e., “new’) frame.

* According to (2), there 1s an easy way to find the rotation matrix R; that rotates a given
coordinate frame i-1 into another given frame i.

» Set p; equal to zero and (x; , y; , z; )=(1,0,0). Then (2) 1s equal to the first column of R;. That is,

the first column of R; is the representation of the new x-axis x; in terms of the original
coordinates (xX;_1 ,Y;_1, Zl 1 ). Similarly, the second (respectively third) column of R; is the

representation of the rotated y-axis y; (respectively, z-axis and z; ) in the fixed frame i-1.
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A; may be interpreted from several points of view.

e It 1s the transformation that takes a representation r; of a vector in frame i to its
representation 7;_4 in frame i-1.

* It is the description of frame 1 in terms of frame i-1;

* In fact, R; describes the orientation of the axes of frame i in terms of frame i-1, while

p; describes the origin of frame i in terms of the coordinates of frame i-1.
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T matri

To obtain the coordinates of a point in terms of the base (i.e., link 0) frame, we may use the matrices

Ti = AR XA

Then, given the coordinates r; of a point expressed in the frame attached to link 7, the coordinates of
the same point in the base frame are given by

Vo = T-'v V-;,
We define the arm T matrix as
T = Tan =AXKAX XA,

with n the number of links in the manipulator. Then, if 7;, are the coordinates of a point referred to
the last link, the base coordinates of the point are

Vo =T Va

1o represents the location of the object with respect to the base frame, which is the object’s absolute
position with respect to the manipulator base.






Forward Kinematics

The position and orientation of the end effector with respect to the manipulator base frame are given by evaluating the
arm 7 matrix. It is conventional to symbolize this homogeneous transformation as -

— no a p

T= [,

Thus, the orientations of the axes of the end-effector reference frame
are described with respect to base coordinates by the rotation matrix
R = [n 0 a], and the origin of the end-effector frame has a position of

p in base coordinates. , \/

The 3-vectors n 0 a and p are defined as in the right figure. The
approach vector of the end effector 18 a; the orientation vector, o, is
the direction specifying the orientation of the hand, from fingertip to
fingertip. The normal vector n is chosen to complete the definition of

Arm
a right-handed coordinate system using base
— ‘_—,
n=0 X a

“humbh X SN
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Thus (n, o, a) are the base coordinates of an (x, y, z) Cartesian coordinate system attached to the end effector. The
position vector p specifies the location of the origin of the (n, o, a) frame with respect to the base frame.

-

* The representation (n, o, a) for the orientation of the end effector is inefficient.

* Note that [n 0 a] 1s a 3%X3 matrix, so that it has nine entries.

* Alternative more efficient methods of specifying the orientation of the end effector in base coordinates are the
roll-pitch-yaw, Euler angle, quaternion, and tool-configuration vector descriptions. We discuss some of these
later.

* The reason we use (n, o, a) is that the arm 7 matrix is easily computed using the 4 matrices in terms of the arm
parameters and join variables. Then #n, o, a, and p are simply read off by examining the 7" matrix, as we shall
see in the examples.



Joint variable coordinates

At this point, we should distinguish between two sets of coordinates describing the end effector. The joint
variable coordinates of the end-effect are given by the n-vector

1= (4 4]

where g; can represent angles or lengths, depending on whether the links are revolute or prismatic.

q is the joint-space description of the position and orientation of the end effector, while (n, 0, a,p) is the
Cartesian-space description. This terminology derives from the fact that descriptions of tasks to be
performed by an arm are generally given in Cartesian coordinates, not in joint coordinates.



kinematics problem

VT P R

Given the joint variables ¢, find the Cartesian position and orientation of the end of the manipulator. Thus the
kinematics problem amounts to converting given joint variables into the Cartesian position and orientation of the
en®d effector expressed in base coordinates. It amounts to computing T.

e




Example 1 ﬁwr Three-Link Cylindrical Arm
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