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❑ State-Variable Systems

• State-variable systems

• Differential equations to state-variable systems 

• Examples

❑Matlab for Solving State-Variable Systems

• Matrix operations and indexing

• Ode functions with examples
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• State-variable systems
A state-variable system models a dynamic system and comprises a first-order ordinary differential 
system (ODE) that describes time derivatives of a set of state variables.

The most general state-variable system of a linear system with p inputs, q outputs and n state variables is 
written in the following form

/ state space representation

dx
屯
C x (t) = A (t) x(←) + (B(t) u (t)

or X"
쁘

= C (e) x(e) + D (←) u(t) Alt).ER4X1 , statematrix

X(t) ER" : state rector B(t) :ERU
*P
: input matrix

Y(t) G R& : output
rector

((t) ER
&*"
: output matrix

←

u(t)@ RP : control input rector DIt) E R
&XP
: feedforward matrix



EXP : xct) = /
感e') ×

ice) = ect )

Xi it) = xか (t) tult)

1 関] 岡 + 賀it)

If (A , B
,
c
, 1) are time invariant ,

the system is time invariant.



Discrete - time state variable syseums

X(k+1) = AX(k)
+ Buck)

Y (K+1 )
= C XCk) t Dulk )

· Nonlinear state variable systems
xか = X2

xt)= f ( x, u ) ㅣ xr = sinx,
⇒ (‰] =(。)

ㅣ y (t) = h (x , u )



아
B(X , u) =-

' au

송감을 ~. DCX ,u )=
· Controllability : the ability to seeer states from

any initial values
to any final values by desinging

some control inputs.

· Observability : the ability
to infer internal states

from external outputs



How to check

· controllability :

rank(13 AB AB... A
+B] = n

·observatility :

vank( = "]
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• Ordinary differential equations to state-variable systems

m값 = Fcxe,) √

pefine Zy = x

ㅣ
で当 こと √

Eュ = プ z2 =为二岳

悟浜感
%+ 1
σ
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• Ordinary differential equations to state-variable systems

In general n-th ODE

+ の 州+ … +α、装_
∞

Step 1 : define new variables starting with y ;
_

the No .

ofI is the order of ODE

Step - : express
the derivative of new variables

in terms of new variables
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• Examples Step 2 :

Step1 : definen = y Zi = Zz

Er .

= Y Zi = Z3
≠

:3
=y

:

zn = yYm
1 )

En≡
_

ニ 〜α0t 、 -αiZz-42t… … …n-」 En

becane n= -αn+d…
↓,

zn …- α一
=
-αny an ーα 1 Z~~ d0ti
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• Examples O

허 = Zv

ㅣ t3 = Z4 ⇒問海罰Zi = Z3 :
「

:

n ==Noz-Lizz-Lrzy .... - XnEn



6

• Examples
j (t) tj (t) ty (t) = 0

Define Y . =Y

x。 = ど

x , =
Y

= xv

&= j = - j-Y = - 12 -X
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• Examples X; = Xr

xi = -Xp -Xr

%に 1 行湖
*

*=迷
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• Examples ytyryty = 0

x . y

XL = =

xi = xr

xi =-y
㎡

y- Y = -xixr
-X1
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• Examples x = Xが

xi= - Xx.Xr -X,

感に 1隊 ]
入 = fex)

where = /]
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• Examples 2 degree of freedom robot arm mode(

Mäct) + M4j i(t) +Mg(sing(t) = u(t)

M : mass

ㅣ 4 - length of lonk

g : gravity term

U = force

q : joint variables
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• Examples

Define Z . 8r

E、 = qu)

ar = 오 (t )

Zi = Er

= = - ((z2 +g(sin 2) + UH/M
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• Examples Z = fCt) + (安) U
Ψ

減 ] =1
器gLsin .

) +1 号 Juce


