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Z-Transform

Given a time series y,u_ (k) = y,, ;. V,, ", its Z-transform is given by

Y(Z)=Z)&£k. \/

The discrete time variable is k. The one-sided transform is used (i.e. lower limit of zero)
since the time series is multiplied by the discrete unit step u_ (k). The Z-transform

variable z is a complex variable, like the Laplace transform variable s=0c + jo .
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In connection with finding Z-transforms it is useful to recall the series identity

N-1 . N(_~ /\/ _
Zakzl a .)’O lflﬁ [0'\/<—/ ’oL/ wAﬂM /\/ /¢ (ﬂ?&
= 1-a ’ ’
If ‘a‘ < 1, the series converges and one has also :> 0
>at=—
k=0 l1-a
-



Table of Z Transforms

Unit pulse 1,0,0,...

Unit step u, (k) =1,11,1,...
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Sampled Signals, T= sampling period
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1 Inverse Z-Transform by Partial Fraction Expansion

Example 1

Y(2) = z L
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0 Di o A linear time-invariant system may be described in discrete time in terms of its
Difference Equations  piscrRETE TRANSFER FUNCTION H(z). Then the input U(z) and output Y(z) are

related by
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~ The Z-transform SHIFT PROPERTY says that multiplying the Z-transform by z”
delays the time series by one. Compare this to the Laplace transform property which says
that multiplying the transform by 1/s amounts to integrating the time function.
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Example 2
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7z =1.72z+0.72
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1 Discretization of Continuous-Time Controllers

The relation between the Laplace transform variable s and the Z-transform
variable z i with T the sampling period. However, using this to transform K(s) to
K(z) will give -polynomial transfer functions. Note that

Theretore define tl
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To convert a continuous transfer function K(s) to a discrete transfer function using

Cdnl. . That is

sample period T, then, one simply replaces all occurrences of s by —
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— T z+1
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K(z) = K(s)
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A continuous-time low pass filter is given by

K(s) =%

Example 3
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