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❑ State Variable (SV) Analysis

• Frequency-Domain Solution of SV Systems

• Time-Domain Solution of SV Systems

❑ Relative Degree 

❑ Zeros of State-Space Systems

❑ Realization and Canonical Forms

• Find a SV or block diagram representation given a prescribed transfer function

• Reachable Canonical Form (RCF)

• Observable Canonical Form (OCF)



LTI
X = AX + Bu

y = cX + Du

XER" internal state
,
ult) ERM the control input

Y()GRP the measured output

A the plane/system is the control input matrix

C output matrix i direct feedforward matric
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❑ State Variable Analysis

• Frequency-Domain Solution of SV Systems

Laplace Transform

• Time-Domain Solution of SV Systems

• Resolvent matrix

SX(S) -X() = AXI) + BWS)

Y(s) = (X(3) + DWIS)
-

&

X (S) -1X() =X() +BMIS)
--

-- X(S) = (SE-A)x(0)
-

+ (SI-A) "BULS)
2)= ((S2-A)X 10)

- +CCISI-A) B + DJ UCS)
- - -Al transfer function
- H (s)
- H(s)ucs) = Yes



Y(5)=BDs
imprintral terms

Y(S) = ((s)u(S)

H(s) = C (SI-A)"B + D

denominator of this is the determinant of (SI-A)
denoted by O(s) = ISI-A



root) < (3) = IST-Al = 0
are system poles

Resolvent matrix

&(s) = (S2-↑)
+

X(s) = &) + EBU
~ *

--
--#COM + (e + +)n -

HIS)= CEB + D



Time domain solution

x(t) = (
+ (X(S))

y(t) = [
+

(Y(s) unrest
↓

Step response : Lee U(s)=
usi=5
-

Y(S) = (EX1 + His) · -
yee =2 (YS) f
Let h(s) = 1

impulse response : yet) = (+ (CEX1 +11)
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Example 1: Electrical Circuit

Solve for
• State Equation
• Frequency Domain
• Time Constant, Natural Frequency, etc
• Time Domain with zero initials given   

State - variable systems

C x + Xz = U(t)
det

*

=>

=>

->
oneput

L - @amx + RX=

x = =+
--

i = - X+
--

-

=S
y(t) = R . X- = 20R]/*]



Now we have

X = AX + Bu
x =()

Y = X

where A =/] B =:
C = [0R]



· Frequency domain

0x) = (SI - A) =1 =S

ES) = ISI-As =(=
H(s) = c (St-A)

+
B+=



=R
= t=st

,

· Time constant , natural frequency

0(s) = s + Es + [

= s + 24s + w = s+ 25 Was + w



decry term 2=

time constant i = E =
natural frequency Wa = JE

dramping ratio 3= = E

d .

Time domin solution

select ( = 1
,
R =3

,
c = 0 . 5

H(s)=3 + 2



-Impluseresponse
with zero intial condition

-

Y(S) = H(s) . U(S)
X(0) = p

u(s) = 1

Y(S) = H(s)

y(t) = 2" (y))) = (
+ (H(s)

-

His)= =



k1 = (St) intzls
=
= = 6

kn = (+ 2) instuls =-=T =6

H()= +

y(t) = 2
+ (H(s))

= (6e+ - 6e)u+ (t)



Example 2 : Newton's third Can

F = ma

i =I = u(t)
mes the force per unit mass or acceleration

y = (x , x] x = Y

Xz =i
then in =i

X =y = v



17 = %: 7 + 19 was

-I -A

y = [10)x
-

C

Transfer function
H() = C (SI-Al

+
B +X

= 2015]"(i]



= It's ]/i)

=i)
x(s) = 1 ST-Al = 0

s = 0

Y

poles I 00
2

I

↓ ↓

natural modes : M) , ECt)



Find state response given x10) :[So vojT and input

XIS) = &(2)X10) + GBU !
x() =[ +/;]5

= (5
+ = +

%+



xit) = L
+ (X(s))

So + rot + Egt"
= [ Vo +&t

IWylt)
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❑ Relative Degree 

The relative degree of H(s) is the degree of the denominator minus the relative 
degree of the numerator.

-Q
-

-

If AERUX n- (n-1) <1 ,
D is O

n-U = 0, D is neto
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❑ Zeros of SV Systems6
-

↑

-

-

D = 0 Ers) = (SI-A)
&

--

His= c [ (3) B
+ D

= x[2ji]"(i]
=St2)

I

27 Ya = 1
,

If 9 = 2

His)=+2)
(StR) iscancelled

,



Realization Problem

Tansfer function
M( Su bysee

BD
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❑ Realization and Canonical Forms

• Reachable Canonical Form (RCF)

• Ensure that the transfer function is monic, that is, the highest order term in the denominator 
has a coefficient of 1. If not, divide through by this coefficient to put the transfer function in 
monic form.

• Ensure that transfer function must also have relative degree of 1 or more. If not, write H(s) 
as a constant term plus a term whose relative degree is at least one. 

&0.+920 +9203
by ↑ 11 1

/S O
= ~-15-#= -=--
I

2
-

-

!-
1- transmission of

all lops
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The rule used for RCF is 

feedback to the left
feedforward to the right ~ P-
Tummer #it-in↑ ⑳

-

-

- = y(t)·↳3 a= 1
D = bo/s) 02= 103= /

O(s) = 1 -( - % - My- nolss) 92:" 93:
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Each integrator output is labeled as a state. The rule for labeling states will be:

Label the states from right to left

❑ Realization and Canonical Forms

• Find SV representation given a prescribed transfer function

Example 1

Y-EP+X()x = /x

I
=

in = X =(-

YX2 = X3
+

/out)
*

Xz = - doX, -d ,X2-azXs +UIt)

y = box +b,Xz + bX2
Y(4) =(b0b , 32



H()=us)
-
-

-m

·
17



Xi = X-

Xi = Xs
= X = Ax+Bu

xz = - 4x1 - 3X2 - 24 + u(t)

y(t) =- X , + 2x2 + Xs = y = CX
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❑ Realization and Canonical Forms

• Observable Canonical Form (OCF)

• Ensure that the transfer function is monic, that is, the highest order term in the denominator 
has a coefficient of 1. If not, divide through by this coefficient to put the transfer function in 
monic form.

• Ensure that transfer function must also have relative degree of 1 or more. If not, write H(s) 
as a constant term plus a term whose relative degree is at least one. 

....
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The rule used for OCF is 

feedback from the right
feedforward from the left

-

S
-#-b

-&
->7 X3

u(t) # *--1
is

t
Lat
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Each integrator output is labeled as a state. The rule for labeling states will be:

Label the states from bottom to top

❑ Realization and Canonical Forms

• Find SV representation given a prescribed transfer function

Example 2

-

-

x = - azX , + X2 + b 2 ut)

Fromright to left
Xi = - a , X , +

X3 + buit)

X = -NoX , + 60n(t)

1 - y(t) = X, (t)

-

1 :3 i til
x- -40x

2. ↑ -



:
y(t) = (10)


