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The Laplace transform provides a very convenient and powerful approach to 
analysis and controls design for linear time invariant systems. Thus, given a single-
input/single-output system with input u(t) and output y(t), one may completely 
characterize its response by knowing either the impulse response h(t), its Laplace 
transform, or the transfer function H(s).

In the time domain, one has the convolution identity

In the frequency domain one may simply multiply transforms to obtain the output

❑Why Laplace Transform?
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❑ Unit Impulse

𝑦 𝑡 = 𝐿−1(𝑌 𝑠 ) = 𝐿−1(𝐻 𝑠 ), by setting 𝑈 𝑠 = 1. 

❑ Step Response

𝑦 𝑡 = 𝐿−1(𝑌 𝑠 ) = 𝐿−1(𝐻 𝑠 /𝑠), by setting 𝑈 𝑠 = 1/𝑠. 

Note: the step response is the integral of the unit impulse response.

2 -> Inverse Laplace transform
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• The system poles are the roots of the denominator of H(s).

❑ Poles

❑ Zeros

• The system zeros are the roots of the numerator of H(s).

• The system natural modes are the time functions corresponding to the 
poles. There is one natural mode per pole.

❑ Natural modes 
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❑ Solution of ordinary differential equation with zero initial conditions
• Poles, zeros, natural modes, response

A system is characterized by the ODE

Find the transfer function, the poles, zeros, and natural modes. Find the 

impulse response, and the step response. Find the output y(t) if all initial conditions 

are zero and the input is

Example 1. 
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. Transfer function

YIS) = ((s)U(s)
=>

H(s)=

-

- S
-

52 41s) + 35415) + 259)
= >U(S) - U(s)

(S+ 35 +2)Y() = (S-1) U(s)

H(s)=35 +22
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. poles ,

zeros
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573St 2 = 0 #(s +1) (S+2) =0

S = - S = - 2

S - 1 = 1

S = 1

3 .

natural modes
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4. Find impluse response
->> time function

u(s) = 1 15
Y(s) = H()

=



Using PFE , Hind ki k2 in

Y(s)=
k =

-2
, k2 = 3

Y()=+
- t

y(t) = ) -ze +3e+)



5. Step response

us)=

Y(S) = His),

=stz
y(t) ="(Y(S)



41)= + +
PFE

,Using K = -
,

K = 2
, K = -E

y(t) = ) - 2 + 2et - -e) (+ (t)
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u(t) I et+) => u(s)=s--

41S)=sts its
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Example 2. 

If the initial conditions are nonzero, one must use the more general differentiation 
property from the Table of Properties

❑ Solution of ordinary differential equation with nonzero ICs.

Consider a system described as

Find the output y(t) if the input is                         and the initial conditions are 

*-
~

=>

---

((y") = 5 Y(S) - Sy(0) - yld
((y)) = S4(5) - Y(0)



s y(s) - S + 1
-

-

+ >(SY(3) -1) = SU(S) - UCS)
-

+ 24(3)

=> (S2 + 35 + 2)y(s) - S - 2
= ( -1)uMS)

t -Y()= -+3st2 UCS--
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from none-zero intial conditions

Y(S) = H(s)U(s) + intial terms

=
is

↓ ↓

-

-
Y, (S) + Y2(s)



Y , (3)=#
y , (t) = ec Wilt)

Ye (s)=Estz) (S+3)
=+

k = (s+ 1)Yx))s
=-
=ests) =-
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kn = (S +2)(2))s
=-2
= its

= 3

k = (S+3)[2(s)/s=3=sales=c
= - 2



Yus) = F+

Yul) = fet +Set- zest)y(t)

Y(t) = Y ,
(t) +Yz(t)
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