ELEC 3500
Control Systems
Lecture 3: Inverse Laplace Transform and Partial
Fraction Expansion



[ Inverse Laplace Transform

Given a time function f(?), its unilateral Laplace transform is given by

F(s) = } f(®)e™ dt <

where s = 0 + jw 1s a complex variable. The inverse Laplace transform 1s a complex integral given by
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where the integration 1s performed along a contour in the complex plane. Since this 1s tedious to
deal with, one usually uses the Cauchy theorem to evaluate the inverse transform using

f(¢) = Z enclosed residues of F(s)e™



] Inverse Laplace Transform with Partial Fraction Expansion

Laplace Transform Table

Problem F( S) —— f(t)

Given a realistic Laplace transform with several poles and zeros, it 1s not likely
to find its time domain solutions in the table. Therefore, we break a transform
down as into sum of simpler transforms that are in the table by using the Partial

Fraction Expansion (PFE).




1 Partial Fraction Expansion (PFE)

( Non-Repeated Po!
* Repeated Real Poles

|CS

* Complex Pole Pair

* Relative Degree Equal to Zero



Case 1 Non-Repeated Poles

Give a rational polynomial function of s

Y(s) n(s)

~(s+p)d(s)
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Example 1- Non-Repeated Pole

Y(s)= =

s°+6s*+11s+6
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Example 1- Non-Repeated Poles
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=(s3+6s2+11s+6

> _
(s+1) ($+2) ($43)

Y(s)

76&) =

A
1




Example 1- Non-Repeated Poles
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Y(s)=
() s°+6s*+11s+6




Example 1- Non-Repeated Poles
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Cas% Repeated Real Poles

Give a rational polynomial function of s with relative degree of at least 1

Y(S) - n(s)
(s + p)"d(s)
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Example 2- Repeated Real Poles “ = G’tﬂ) \TCS) / $=-

Y(s) = u

s’ +4s* +55+2
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Example 2- Repeated Real Poles
A)
s* +4s> +55+2
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Example 2- Repeated Real Poles
A)
s’ +4s5> +55+2
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Example 2- Repeated Real Poles \J

A}

Y =
() s*+4s5> +55+2 y(f/)



Case 3 Complex Pole Pair

Give a rational polynomial function of s with relative degree of at least 1

Y(.S')= ?(S) -
((s+a)” + B7)d(s)




Example 3- Imaginary Pole Pair

Y(s) = s+1

s’ +2s* +4s5+8
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Example 3- Complex Pole Pair
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Case 4 Relative Degree Equal to Zero

Let Y(s) have relative degree of zero, then
Y(s) =const +Y,(s)

where const 1s a constant and the relative degree of Y; (s) is one or more.



Example 5- Relative Degree Zero
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Y(s) = 35" +18s5° +34s5+18
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