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❑ Inverse Laplace Transform

Given a time function f(t), its unilateral Laplace transform is given by

where 𝑠 = 𝜎 + 𝑗𝜔 is a complex variable. The inverse Laplace transform is a complex integral given by

where the integration is performed along a contour in the complex plane. Since this is tedious to 
deal with, one usually uses the Cauchy theorem to evaluate the inverse transform using

-
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Problem 𝐹 𝑠  𝑓(𝑡)
Laplace Transform Table

Given a realistic Laplace transform with several poles and zeros, it is not likely 
to find its time domain solutions in the table. Therefore, we break a transform 
down as into sum of simpler transforms that are in the table by using the Partial 
Fraction Expansion (PFE).

❑ Inverse Laplace Transform with Partial Fraction Expansion 

-

-



4

❑ Partial Fraction Expansion (PFE)

• Non-Repeated Poles 

• Repeated Real Poles

• Complex Pole Pair

• Relative Degree Equal to Zero

[
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Case 1 Non-Repeated Poles 

Give a rational polynomial function of s

Relative degree = degree of denominator - degree of numerar

/

Y(s) = Tp, + Y , (3)
-

-

K , is the residue of pole at s = -P,
Y, (s) doesn't have (St P1)
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Example 1- Non-Repeated Poles ki = (s+p,)Y()/s
=- P,⑫= k + (tp)=

pFactor Hy
O

S[+ 11) + 6
= (S+2) (s+1) (s+3)

5(6)+ 8 + 3) = (s+z))(s+ 1)(s+3))
⑫S+ 2) (S+ 4) + 35 + 6 (S+2)

+ 21s+2)
= ((S+4) + 3)

34+ 43 +3
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Example 1- Non-Repeated Poles

-

Y(s)=Sys + 2) (53) (4
+ 2/

~ -- = -I I
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Example 1- Non-Repeated Poles

k2 = (+2) ()/s
=2=+sl

=-v

= = 2

k = (S+3)Y(3/
S===

- 2 -
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Example 1- Non-Repeated Poles

x)= + +
y(t) = (- ze

+
+ ze

t

- -Yu+ (4)

I + 30

U+ (t) = I
O + < 0
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Case 2 Repeated Real Poles 

Give a rational polynomial function of s with relative degree of at least 1

-

Spike it into

(S)= + +... +
+ Y , (S)

Y , (s) doesn't have (Stp)
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Example 2- Repeated Real Poles kn = (Stp,)"y(s)/s
= - P,

kin ... kin can't do this2Y(s)=is+ 2)

Y() = + +
-

( = (5+ 1)44)21 .. = -



8

Example 2- Repeated Real Poles

k2 = (s+2)y()(= = its ... = -2
Y()= + +=

S+2

To evaluate Kiz
,
we note Y(s) must hold for

all values of 3 :
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Example 2- Repeated Real Poles

Evaluate at $= 0

Ye=
2
=+ + =

z

H

kiz = 2
- 2

t-7()=+S+ 2
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Example 2- Repeated Real Poles Y

y(t) = ( +1 - + e
+

+ zet

-2ezt)u+ (t)
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Case 3 Complex Pole Pair
Give a rational polynomial function of s with relative degree of at least 1
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Example 3- Imaginary Pole Pair
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Example 3- Complex Pole Pair
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Case 4 Relative Degree Equal to Zero

where const is a constant and the relative degree of 𝑌1(𝑠) is one or more.

Let Y(s) have relative degree of zero, then
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Example 5- Relative Degree Zero


